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Abstract

The aim of any communication system is the transmission of the
information over long distances with less error. Transition of the
information directly for long distance between two points (Alice and Bob)
connected by an optical fiber is difficult attributed to the exponential decay
of light transmission efficiency with the length of the optical fiber. Hence,
to overcome this issue, the distance must be divided into small distances by
introducing intermediate station between them; this station is known as a
quantum repeater.

One of the schemes of the quantum repeater used the concept of cut-
off with identical quantum memories in the quantum repeater, that is the
quantum repeater sends one entangled photon with the first quantum
memory to Alice for many times until the detection, then the quantum
repeater sends one entangled photon with the second quantum memory to
Bob for specific number of trails (cut-off). If Bob makes until detection
before the cut-off, Bell state measurement is applied and if not the round
will abort and start over again. This protocol reduces the decoherence of
the gquantum memories with time, in order to implement this protocol the
probability of Bob must be larger than or equal to the probability of Alice.

In the original idea the probabilities of Alice and Bob are equal
because identical quantum memories are used and the equality of
probabilities remains if any type of quantum memory is used. To make the
probability of Bob greater than the probability of Alice, this scheme
proposed different quantum memories in the quantum repeater to get best
number of cut-off and maximize the secret key rate. The secret key rate
obtained is 1.04372442*107%, 1.47772778*10° for the cut off number 50
and 1.15652165*10°, 2.08223733*10" for cut off number 100 for distance
100km and 200km respectively.
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Chapter One

Introduction and Basic Concepts

1.1 Introduction

Quantum communication is the transmission and sharing of quantum
information between parties of a quantum network. It allows the
achievement of communication tasks inaccessible to their classical
counterparts [1— 4]. The most well- known example is the distribution of
the secret keys [5- 8]. Actually, both classical and quantum data transmitted
for long distances over optical fibers decays exponentially with the
distance. In order to overcome this problem, in the classical communication
the stations are pulling in the way of classical data to amplify them and
increasing the transmission rate, but in quantum communication, the
amplification of a quantum state is restricted due to the no-cloning theorem
[9]. Therefore, this obstacle can be overcome by introducing a quantum
repeater.
Quantum repeaters (QRs), extend the transmission distance without
amplifying the signals and transmit data at a rate (in bits per mode per
channel use) surpassing the capacity of the quantum channel [10-12]. The
essential thought of a quantum repeater was proposed in [11] which based
on divide the overall channel that separates Alice and Bob into smaller
segments that are linked to the quantum repeater. The entanglement is
generated over those segments, and then the entanglement swapping
operation is performed on each quantum repeater in a nested way to
produce a long-distance entanglement. The noise problem can be solved by
using entanglement distillation [13- 15].
One of the realistic quantum repeater configurations is a single sequential
quantum repeater located in middle of the distance that separates Alice and

Bob [16] with a specific amount of trials which called the cut-off (n*). This
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approach reduces the decoherence of the quantum state that is stored in
guantum memories.

The condition of having a cut-off is that the probability of detection
a photon in Bob side must be greater or equal to the probability of detection
a photon in Alice side. So the increment in Bob's probability leads to
increase in the secret key rate that is exchanged between Alice and Bob, so

the use of different quantum memories in quantum repeater is proposed.

1.2 Aim of the Work

In this work a scheme of a quantum repeater based on a non-identical
quantum memories assisted by a cut-off protocol is suggested. The
quantum repeater memories are Nitrogen Vacancy center and trapped ion
quantum memories. The work aims to study the effect of the cut-off on the
performance of the quantum repeater and compare the proposed scheme

with the original scheme.

1.3 Fundamentals of Quantum Mechanics
1.3.1 Quantum bits

As the bit is the unit of classical information, the quantum bit (qubit) is
the unit of the quantum information. The qubit |@) is represented
mathematically as [17]:

lp) = «|0)+ B [1) (1.1)
Where |0) and |1) form an orthonormal basis in the state space, a and
represent the probability amplitudes associated with the basis states. The
qubit state vector must have unit norm, a|+ |p|* = 1.

The computational basis (Z basis) is given by [17]:

et _ 10
10)=[o] 11 =[{] (12)
And the diagonal basis (X basis) is defined by [17]:



|+) =50 +11)),1 =) = = (10) = 1)) (13)
Similarly, the state |¢) of the two qubits will be any normalized
superposition of the four orthogonal bases states as show [17]:

|0) = agpl00) + @p1|01) + a14]10) + @44|11)  (1.4)

In which, the complex amplitudes are confined by normalized condition

[17]:
latgol® + g1 |? + lagol® + g, [*=1 (1.5)
So, for n qubits the states will be [19]:
|0} = o< x<2n @y |X)y (1.6)
Yosx<amlayl? =1 (1.7)

The Pauli matrices which are shown below are helpful in the quantum

computing investigation and quantum information [18]

(1.8)

1.3.2 State space and operators

Any system can be identified by its state vector; the state vector is a
unit vector in the state space of the system or in Hilbert space which is
indicated by (H). The simplest example of this system in quantum
mechanical is the qubit, which has a two-dimensional state space. The |0)
and |1) are the orthonormal basis for this state space. Then an arbitrary state
vector in the state space can be written as equation (1.1). In the closed

system, evolution operator is used to transform the state vector into another
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state vector in the same state space. The unitary operator (U) must satisfy
the condition UTU= 1, and the Hermitian operator satisfies the property U’
= U, these two properties must be satisfied and must be positive semi-
definite inorderto ensure eigenvalues are real and positive.

Mathematically, the operators are described by a matrix [18].

1.3.3 Inner and Tenser product

When two vectors |v) and |w) have an inner product function
between them, the output is a complex number. The quantum mechanical
abbreviated notation for this function is (v|w) where |v) and |w) are

vectors in the inner product space. The inner product is given by [18]:
Z1
((ylr T 'yn)J (Zli e Zn)) = Zi ylkaZ = [yiky;:] I “ (19)
Zn

The second function is the tensor product which is used to produce larger
vector spaces as shown (1.10). The standard quantum mechanical notation
for the tensor product is |v)jw), |v, w) or |v w) for the tensor
product |v) @ |w) . For example, the tensor product of the vectors (1, 2)

and (5, 2) will produce the vector

HEIHE M (110



1.3.4 Measurements
The measurement is introduced by agroup of Kraus operators,
symbolized by {M;}. When the system is in the state |p) before the
measurement, then a measuring probability of the i-th result is [17]:
P; = (p|M]M;|p) (1.11)
After the measurement, the result (i) is known to an observer, so the

original state will be [17]:

) = el (112)
<‘P|Mi1-Mi|(P>

The set of measurement operators must satisfy the completeness relation,
which ensures that the probabilities p; sum to 1. The completeness relation
is given by [17]:

Y MIM; =1 (1.13)
The simplest measurement operators can be defined as Projective
measurements or von Neumann measurements which is denoted by P
Projectors properties are [17]:
* self-adjoint operators satisfying the condition Py, =Py,
* Moreover P, Pn= Py,
* Projective measurement elements are orthogonal PnP, =8m-n)Pm,
projecting quantum states into orthogonal subspaces.
At most the set {M;} can contain d elements, where d is the dimension of
the Hilbert space being measured. Measurement operators can be
generalized the by defining a set {Fn}, where F, = M'M,.. This set is
known as positive value-operator measure (POVM). POVM elements are
not necessarily orthogonal, so that is implying that there can be more

elements in the set {F} than the size of the original Hilbert space [17].



1.3.5 Density matrix
Density matrix or density operator can be represented by taking the outer
product of the ket and bra vectors, where ket is a quantum state and bra is

the transposed complex conjugate of ket [18],

p= loXo| (1.14)

The Density matrix properties are:

e (Trace condition) - has trace equal to one.

e (Positivity condition) - is a positive operator.

1.3.6 Trace operator
The trace of a density matrix can be defined as the sum of diagonal
entries of density matrix. For a square matrix A with (n x n) dimension, the
trace operator (Tr) for this matrix is given by [19]:
Tr(A)=apt+ay+...tapn=2, a; (1.15)
a;; are the elements of the main diagonal. Also by the trace of the matrix A,
the sum of the eigenvalues of its matrix can be found [19].
Tr (A) = Xt A (1.16)
Where, the eigenvalue is the factor by which the eigenvector changes if it is
multiplied by the matrix A, for each eigenvector. When the eigenvectors of
the square matrix A multiplied by the matrix A, the direction of them will
remain the same to the original vector. So, the eigenvectors remain
proportional to the original vector.
For square matrix A, the eigenvector of A is the non-zero vector v, if there
is a scalar A for which [19]
Av =,V (1.17)
Where 1 is the eigenvalue of A corresponding to the eigenvector v. By
using the eigenvalues, the spectral decomposition of density matrix p can

be shown as [19]:



p= Y| Nl (1.18)
Where |p) is orthonormal vectors.
And the trace of density matrix is equal to one [19]
Tr(p)=1 (1.19)
The trace is a linear map, which has properties [19]
e for square matrices A and B
Tr(A+B)=Tr (A)+ Tr (B) (1.20)
Tr (sA) =sTr (A) (1.21)
Where s is a scalar.
One more formula is when matrix A with (m % n) and matrix B with (n x
m) so [19],
Tr (AB) = Tr (BA) (1.22)
Finally, the trace of a matrix A equal to the trace of its transpose A" are as

shown below[19]:

Tr (A) =Tr (A" (1.23)
The conjugate transpose of the m x n matrix A is A*, so[19]
Tr (A"A) >0 (1.24)

The inner product is used to find the angle between the two vectors as (A,
B) = Tr (B*A). If the inner product of the two vectors is zero, then the
vectors are orthogonal. Also the trace operation helps to distinguish pure
and mixed state [19].

1.3.7 Pure and mixed quantum state
When a system has mixture of states |¢); with probability p;, the
system can be shown as density matrix [18]:
p = Xpile)lel, (1.25)
The quantum system whose state |¢); is known exactly it will be in a pure

state. So the density operator is simply expressed as [18]:
p = loXg| (1.26)
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Otherwise, the system is a mixed state, when the system is a mixture of
different pure states. So, to identify the state of system that represented by
density matrix, pure states have the property Tr(p%) =1, while for mixed
states Tr (p)* < 1 [18].

1.3.8 Composite systems

Quantum states that live in different Hilbert spaces can be combined
by using the tensor product to produce the Hilbert spaces. The tensor
product is a mathematical tool that acts on the Hilbert spaces to create a
composite system Hag as Ha @ Hg. The dimension of the combined
Hilbert space Nag iS Nag = [Na| * [Ng|, the product of the dimensions of
the original spaces. To write the composition of quantum states, product
states must be applied by a tensor product form between states.
Consider two general qubits are [18]:

|p)a = al0) s+ B |1)4
lp)g = al0)p+ b |1)g

The product state of these two qubits is given by [18]:
|0)a @ |9)s = (]|0)4+ B [1)4) ® (a|0)s+ b |1)5) (1.27)
This can be expanded with the tensor product as [18]:
|P)ap = aa|0)4]0)p + ab|0)4]1)s + Bal1)a|0)p + Bb|1)a|1)p (1.28)
Each system is completely uncorrelated from the other, implying that
system A(B) cannot know any information about the system B(A) just
based on local operations or measurements. Unless states are not isolated
and interact with each other, they may become entangled. States that cannot
be factored in the form of a tensor product are considered entangled.
Entangled states are a more generalized combined state, in the sense that
there are no restrictions on the factorability of the coefficients in (1.27) to

form a product state [18].



1.3.9 Quantum Gates

Changes can occur to a quantum state by utilizing the language of
quantum computation [17]. This computation can be done by the
quantum gates as seen in the classical computation which is done by the
classical gates. Density matrices are utilized to describe the quantum
gates [18, 19]. Quantum logic gates are reversible while the classical
logic gates aren't. There are many types of quantum gates according to
the input quantum state such as single qubit and multiple qubits
quantum gates. The single qubit gates are:

Pauli-X or bit-flip gate
This gate exchanges the amplitudes of computational basis states

, @s shown below [17]
oy =xior=[7 |3 =[] =10 +ain) @29)

Pauli-Z or phase-flip gate
This gate flips the phase of second amplitude by 180° [17]

o =z100=[; _S|[}]=[5]= a0 -1 @30

Pauli-Y gate

This gate makes (x / 2) phase shift between the initial and final state
[17]

0= vioy= [ 79|51 =[] = b1 +jain .30

Phase-rotator or phase gate
Phase gate makes rotation to the probability amplitude of
computational basis state|1) by an angle o, [17]:

) = P|@) = [01 e,%] ] = [beaja] = a|0) + be’%|1) (1.32)
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e Hadamard gate (H gate)

H gate impacts on the qubit as shown below [17]:

0)+|1

H|0) — Qz' ) (1.33)
0)—|1

H|1) Qz' ) (1.34)

These show the state |0) and|1) have equal probabilities of

measurement.

— H |—

Figure 1.1: The circuit representation of Hadmard gate [17]

The multiple qubit quantum gates are:
e The Controlled- Not gate

These gates act on two or more than one qubits, in which at least one
qubits work as a control. The most significant type of such gates is the
controlled- Not gate (CNOT or CX), which has two input qubits, the
first one is called the control qubit and the other is the target qubit, If
the first qubit is |1) , then NOT operation performed on second qubit,
otherwise nothing is done. The circuit that represents the CNOT gate is

shown below [17]:

U

Figure 1.2: The circuit representation of the CNOT gate [17]
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e The Toffoli gate
This gate is a three-qubit gate utilized for classical computation. The
Toffoli gate mechanism is when the first two qubits are in state, then a
Pauli-X (or NOT) is performed on the third bit, otherwise it does nothing.
The Toffoli gate can be considered like the quantum analog of a classical

gate. The circuit of Toffoli gate is shown below [17].

Figure(1.3): The circuit representation of the Toffoli gate

1.3.10 Quantum entanglement

Unlike the classical system, the quantum system exhibits a unique
phenomenon that happens when a pair of particles is created; they interact
in particular way so that the quantum state of the first particle can't be
defined independently of the state of the second one, even though the
particles are separated by a huge distance. Entangled particles are found to
be absolutely related to measurements of physical proprieties like
momentum, spin position, and polarization. As an example, if a pair of
particles is formed and their total spins is zero, so the first particle will have
clockwise spin on a certain axis, and the other particle will have
counterclockwise spin on the same axis, this happen because of their
entanglement [19]. An example of entangled states is Bell states (EPR)
which shown in (1.35). The term EPR refers to the physicists Einstein,
Podolsky, and Rosen who were the first discovered the entanglement states
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and the fundamental representation of the two particles in a maximally

entangled state [17]

|P+) =—=(100) +[11))
-\ __ 1
|P7) = —=({00) — [11))
|w+y == o1y + |10y  (1.3)
R |
W~y =—(101) —|10))
The Bell states form an orthonormal basis in four dimensional Hilbert
space and are very important tool in quantum information. Any
measurement performed on this basis is referring to as Bell state

measurement. The circuit that creates the Bell states is consists of Hadmard

gate and C-Not gate as shown in Figure (1.4)

i

A =4

B

t«:

Figure (1.4): Bell state creation circuit [18]

1.3.11 No-Cloning theorem

The theorem of no-cloning was stated in 1982. It effects on the
quantum mechanism .The no cloning theorem prevents the creation of
indistinguishable copies of random unidentified qubit, also it has many
consequences in quantum communications and related fields. No-Cloning
theorem is important for the security of quantum communication protocols

and quantum teleportation for transmitting of quantum information. This



13

problem is overcome by using the quantum repeater which exchanges the

entangled states between Alice and Bob [20].

1.4 Quantum communication

1.4.1 Superdense coding

The information theory is the science that investigates the theoretical
limits of communication over an erroneous channel. One of the examples
on the information theory is the superdense coding which was proposed by
Bennett and Wiesner in 1992 [21].

The superdense coding can be explained when Alice and Bob exchange the
information between each other over an error-free quantum channel and
use the superdense code. The major steps presented in the following steps
[17]

1- Alice and Bob prepare several Bell states |Boo) that are equal

to |[B00) = |00) + |11)/v/2 and each of Alice and Bob will have one
qubit of each pair.

2- Then Alice makes conversion on the speech signal to classical bits Os
andls.

3- Next she uses the coding rules in the first two columns of Table (1.1)
on the half pair and encodes each pair of two consecutive bits into a
superposition state. Then Alice sends her qubit to Bob over the

quantum channel.

4- Now Bob receives the qubit and restores the original classical
information by decoding. He calculates the possible joint states of
the two-qubit system and records them in the third column of Table
(1.2).



Table 1.1: the encoding rules [17]

14

Dibit | transform Joint state

00 | [00) + |11)
2

[00) —|11)

01 Z _
V2

[10) + |01)

10 X _
V2

1) — |1

1|y [01) — [10)

V2

5- Classical inputs can be achieved from the outputs, by implementing

Hadamard and CNOT gates. Because of the unitary property of the

Bell gate. It's inverse can be calculated as its adjoint

(H®NDCNOT)™*=(H® 1) CNOT)"=CNOT' (H® 1)’ (1.36)

Both (H &® I) and CNOT are Hermitian operators. When Bob receives the

qubits, he decodes them by implementing these gates in reverse manner to

construct the decoder.

This algorithm is called superdense coding because only half amount of

qubits has to be sent.

Alice

DToOTOTOTT

encoder ‘

L —

quantum

Bob

channel

I

—

B

Figure 1.5: The superdense coding [17]

TOOTOTOT T
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1.4.2 Quantum teleportation

When Alice and Bob share an entangled state, then Alice (Bob)
transfers an unknown quantum state to Bob (Alice) without actually
moving the unknown state through a process called the quantum
teleportation. The first theory of quantum teleportation was represented by
Charles Bennett and his international team in 1993[22]. Figure (1.6) shows

the operation of the teleporting device.

Legend
— Classical channel
—— Quantum channel Bob
) CNOT v,
g  H
i . 1
M,
-i: 1 @ 0
> /N
! 1
B> -
% >
P 5 |, [0 [v

Figure (1.6): procedure of teleportation [17]

Suppose an arbitrary quantum state |¢@)of a particle needs to be

teleported, where
l¢) = al0) + b[1)

First, Alice and Bob share a |p00) = |00) + |11)/v/2 Bell pair, where
Alice quantum wires is A; and A, and Bob's half pair wire is B. So the

initial joint state is [17]
1 A1 { AB 4B 41 [ 4B 4:B
Iaﬂo)=|¢)ﬁou)=ﬁ[a|0)(|00)+11>)+6I1)(|00)+|11))] (1.37)

Next Alice performs a CNOT gate onto the qubits, so the state will be [17]


https://en.wikipedia.org/wiki/Charles_H._Bennett_(computer_scientist)
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lp1) = % o[ 0) (ﬁgﬁﬂﬁﬂi) L[ (ﬁzﬁ}ﬂ‘&ﬁ’f})]. (1.38)

Then, Hadamard transform on the top quantum wire is applied. The
Hadamard rule is shown in (1.33), (1.34), this leads to [17]
11

|ip2) = /22
X [a (|‘?}1)+|‘§1)) (|’i’f‘3)+|”‘f‘?)) +b (|‘B’} - ﬁly) (|Afg> +|’?f‘f)ﬂ (1.39)

Alice rearranges |¢,) according to her two gbits to produce a readable form
[17]

1 Ai1Az B B A1 Ao B B
02) = 5 |88 (@l + 61D +16) (ally +218)) (4 49
AjAs B B A1As B B
& 1) (a|0) —b|1)) =Sy (a]l) —b|0))]
Clearly, the measurement outcome of Alice will be one of the four
possible two-bit results among 00, 01, 10 or 11, and then she sends these

two classical bits to Bob who will compare |¢) to the potential states of his

half Bell pair as shown in the following relations [17]
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According to the relations in (1.41), Bob will implement the opposite of the
transform(s) in keeping with the received classical bits. All operators are
unitary, so the inverses of them can be obtained by building their adjoint.
Also, they are Hermitian which explains why the original gates are
controlled by measurement results M, and M, so, that help Bob to get his

original state |p).

1.4.3 Entanglement swapping

Entanglement swapping is based on the same theory as quantum
teleportation, but there is Charlie whose position is between Alice and Bob.
If Alice and Charlie, Bob and Charlie, share entangled state, for instance a
maximally entangled Bell state, then Charlie can perform a Bell state

measurement on his two qubit states [23].
Table 1.2: The operations of Bob [50]

Bell state measurement outcome Bob's operation
07) Do nothing
07) Phase flip
™) Bit flip
™) Bit and phase flip

This leads to that Alice and Bob share an entangled bipartite. After Charlie
performing a Bell state measurement, he reports his measurement results to
Bob or Alice to fix their state with the same operations as the quantum
teleportation scheme utilized in Table (1.2). The entanglement swapping
used for many quantum repeater schemes to allow the generation of

entanglement between two parties who spatially separated [23].
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1.4.4 Quantum key distribution

Quantum key distribution (QKD) is a secure protocol where private bits
can be made between points spatially separated and linked via public
channel. The aim of QKD is to transfer the quantum information over a
public channel with an error less than precise limit [18]. The BB84 protocol
iIs one of the most popular protocols, which was invented in 1984 by
Charles Bennett and Gilles Brassard [24]. The essential idea of this
protocol is that Alice sends a sequence of photons to Bob which are
encoded in their polarization. According to Heisenberg's Uncertainty
Principle, Eavesdropper disturbs the photon's state in a detectable way so
that will expos her existence if she measures these photons and transmit
them to Bob. In BB84 protocol the information bit has encoded in the
polarization state of a photon. A binary 0 is defined as the polarization of 0
degrees in the rectilinear bases or 45 degrees in the diagonal bases [25]
[26]. A binary 1 is also identified as 90 degrees in the rectilinear bases or
135 in diagonal bases. So a bit can be interpreted by polarizing the photon

in any one of two bases as shown in Figure (1.7).

Binary 1,
a0 =

Binary 1,
135 *

Binary 0,

Binary 0,
=0 "

Photon Polarization

-

L -

Rectilinear Basis Diagonal Basis

Figure 1.7: BB84 Bit Encoding [25]
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1- At the beginning, Alice will link to Bob via a quantum channel.
Alice selects a random string of bits then she chooses a rectilinear
basis or diagonal basis to encode each bit. After that, Alice will
transmit a photon with the corresponding polarization for each bit.

2- Bob receives the photons and measures their polarization by
selecting a basis randomly.

3- Steps 1 and 2 are repeated for a large numbers of times to obtain
random bit string which is called the raw key.

4- Using the authenticated channel, Alice and Bob tell to each other the
basis they used to send and measure each photon.

5- Each of Alice and Bob will cancel the bits which Bob measured in a
different basis, because Alice and Bob should have the same string
of bits which is called a sifted key. The example below in Figure
(1.8) shows the bits Alice chose, the bases she encoded them with
the bases Bob used for measurement and the resulting sifted key after
Bob and Alice discarded their bits.

Alice’s bit o(1/1|0}1 0 01
Nicesbasis | + | + | X | + | X | X | X | +
Alice’s polarization T — | ) 1‘ XA A | —
Bob's basis + X | X | X + X - +
Bob's measurement| 4 [ 4 [w | A [ 5 & =]
Public discussion
Shared Secretkey | () 1 0 1

Figurel.8: an example of the bits of Alice and the bases that she used to encode
them, the Bob used for measure and the sifted key [25]

Finally, Alice and Bob compare subset of the bits to ensure consistency.
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1.4.5 Secret key rate

The secret key rate is the most important figure of merit to evaluate
the quantum key distribution protocol. The secret key rate per channel use
Is the number of bits of secret key that can be produced each time of using
the quantum channel, when the infinitely long secret key is limited. The

secret key rate for efficient BB84 when using a single photon is [27, 28]

R =Y,[1— h(e;) — fh(e;)] (1.42)
Here Y; is the yield which is the probability of Bob when makes a
successful detection of photon that Alice sent. e, is the quantum bit error
rate (QBER) which is the fraction of Alice and Bob's sifted bits that don’t
match, and the factor f is an error correction inefficiency factor, which is
equal to 1 in the ideal error correction scheme and in non—ideal scheme has

f >1. Finally, the fraction h is binary entropy function which is equal to:

h(x) = —xlog,(x) — (1 —x)log,(1 — x) (1.43)

1.4.6 Quantum repeaters

The direct transmission of photons between two spatially separated
points is difficult due to the exponential loss of propagation. In order to
pass this obstacle, intermediate stations are used between the two distant
points. These stations are known as a quantum repeater (QR). The idea
was presented in 1998 by H. J. Briegel et al. [29],who proposed a quantum
repeater protocol to setup entanglement between two isolated destinations
by performing entanglement swapping, entanglement purification, and

quantum memory [29,30]

Principle of a QR is represented in Figure (1.9). The channel is divided to
many sections and connected by quantum repeaters to establish the
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entanglement between neighboring sections. The entanglement that could
be established between the closest sites can be expanded by implementing
the entanglement swapping to increase the communication channel length.
But, the entanglement swapping isn't perfect and the fidelity of
entanglement will decrease after a couple of association steps, so the
entanglement purification was used to enhance the quality of entangled
pairs [31, 32].

A nested purification scheme appears in Figure (1.9), the entanglement
swapping and entanglement purification is repeated many times until a
remote entangled pair with high fidelity is formed between the two distant
stations. It was shown that time overhead and sources needed to establish
the remote entangled pair is related polynomially to the distance [33]. The
QR consists of two quantum memories to store the state space and Bell

state measurement between them to measure the states.
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Figure 1.9: Quantum repeater protocol where the entanglement swapping is used to
expand the channel, while the entanglement purification is used to enhance the fidelity

of entangled pair [32]
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1.4.6.1 Quantum memories

Quantum memory (QM) is an important part that plays a significant
rule in many of quantum repeater schemes which is capable of storing
intermediate quantum states between links. The quantum memory is
defined as any physical system that can write, store and reads out the

quantum state [34]

In the QR protocol [14], the communication channel is divided into many
links with lengths comparable with communication channel attenuation
length. Entanglement is then produced and purified for each link before it is
distributed over a longer distance by an entanglement swapping process.
Consequently, a teleportation of quantum data can be achieved. Due to the
probabilistic nature of the purification [34, 39] and the need of storing the
already successful states in quantum memory while waiting for the others,
guantum memory with long storage time is vital to accomplish scalable
quantum communication systems [36]. Physical implementation requires a
light matter interface, as photonic states are read in, stored in matter and
read out as photonic states. Some types of quantum memories may produce
photonic states entangled by a state stored in the QM via some control
mechanism. The performance of the QM can be estimated by the
preparation efficiency, preparation time of generating a memory photon
entangled state, the wave length of emitted photons, the efficiency of
coupling the photon into fiber and the decoherence time of the stored state.
If QMs are introduced in a communication channel, the decoherence time
must be greater than the communication time to minimize errors. In fact,
the frequency of the emitted photon is important because the dispersion and
attenuation of photons in fiber are dependent on wavelength, the lowest
fiber attenuation wavelength for telecommunication is around 1550 nm
[35]. The wavelength of the photon that is emitted from the QM depends on
the type of QM, e.g. the quantum dots have a photon emission wavelength
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around 1.37um [36]. In order to match the wavelength of photons
generated by the QMs with low loss optical fiber, a conversion of the wave
length must be done before transmission. There are number of proposed
and demonstrated types of QMs like, Nitrogen- Vacancy (NV) center and
the trapped ion QMs.

¢ Nitrogen- Vacancy center quantum memory

Nitrogen- Vacancy (NV) center is a point defect in diamond with C3v
symmetry, which consists of a pair formed between a substituted nitrogen
atom in diamond and a lattice vacancy [34]. The reason of success of
diamond defect and use it in the quantum technology is due to: first, is the
narrow optical emission and excitation lines, also the stable room
temperature because of the diamond color centers are defected in the
diamond band. The second is the long of the electron and nuclear spin
dephasing time due to the fact that the stiff and diamagnetic diamond
lattice, as an example it can reach millisecond for electron spin at T=300K.
The NV -center has number of properties that makes it an interesting

system for quantum memory [37, 38]

1. A bright, photo stable optical transition which used as a source of single
photons.

2. A magnetically resonant and controllable spin-state with long coherence
times (long T2 approaching ~ 1 second)

3. Ability to optically spin-polarize and to readout the spin optically.
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Figure 1.10: schematic of the NV-center embedded in the diamond lattice [37]

At low temperature, NV center enables optical excitation and emission
line width of around 10 MHz. This will lead to good cavity coupling in
order to optimize the interface of spin photon [39]. The absorption
wavelength range is from ultraviolet to infrared and long coherence times.
The emission wavelength of NV center is around 700 nm which is not in
the telecommunication range. Longer wavelength can be achieved by using
different defect centers. NV-center is a popular platform for a number of
landmark demonstrations in quantum information science, like room
temperature demonstrations of quantum registers [40], spin-photon
entanglement [41], loophole-free Bell tests [42], and quantum cryptography
[43].

« Trapped ion quantum memory

Trapped ion is a quantum memory that can be achieved by
confining the ions or charged particles in free space by applying
electromagnetic fields. The Trapped ion can store quantum bits in stable
electronic states. Also the ions are used to send the quantum information
through the shared trap. The lasers are used to make the coupling between

the qubit states for single qubit operations also for the entanglement by
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making the coupling between the qubit states and motional states [18]. In
trapped ion quantum computing experiments, the electro dynamic ion trap
which is shown in Figure (1.11) is commonly used which was invented by
Wolfgang Paul in 1950 [46]. The idea is based on using an electric field
oscillating at radio frequency (RF) to trap the charged particles in 3D. The
oscillation frequency and field strength of the RF field makes the charged
particle trapped at the saddle point which is a point of minimized energy
magnitude |E(x)| for the ions in the potential field [45]. The Paul trap traps
the ions in just two dimensions assuming they are x and z but in y direction
the ions can move if they are at the saddle point and the system is at
balance. Therefore, the ions create a vertical configuration in y because
they will repel each other [46]. Current studies are about creating a system
that contains large amount of qubits and have the ability to transport the
ions to far locations, like building large networks which connected
photonically via remotely entangled ion. The number of particles to be

controllably entangled is 20 trapped ions can be archived in April 2018.
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Figurel.11: Classical linear Paul trap [46]
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1.4.6.2 Bell state measurement

The four Bell states in equations (1.35) can be distinguished by
Bell state measurement which uses beam splitters and single photon
detectors as shown in Figure (1.12). Bell state measurement can be used
in every node of quantum repeater for creating the entanglement between
each two elementary links.
A Bell state measurement is a joint measurement on two qubits, which

projects a qubits onto one of the Bell states [47].

Figure 1.12: Bell state measurement [47]

1.4.7 Frequency conversion

This is an important feature of quantum communication because it
gives the ability to control the optical frequency of the quantum state
carriers like photons. This technique allows the quantum systems to be
compatible with telecommunication C band, where at this band the fiber
losses are the lowest, since this will enable long distance fiber quantum
communication between Alice and Bob. The general frequency conversion
process (FC) is shown in Figure (1.13) [48]. A strong pump beam with two
input beams @ (in) and ¢ (in) enter a nonlinear crystal which transform
them into two output fields @ (out) and ¢ (out). The input beam is
combined with the pump beam to generate an output field either at a higher
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frequency ®qu = ®in + @, as shown in Figure (1.13)(a), this FC process is
called sum frequency generation (SFG) ,or generate a field with frequency
Oout = ®in — ®p as shown in Figure (1.13)(b), which is called difference
frequency generation (DFG).The difference between SFG and DFG arises
by the input wave that is fed in either the a (in) or ¢ (in) port. In the Figure
(1.10) a (in) — ¢ (out) describe a SFG process and ¢ (in) — a (out)
describe DFG. Usually any crystal configuration supports both processes

simultaneously and the overall system is called frequency converter.

SFG (o) DFG o
\ ‘ " . a ot
T
L) T 53

M — i~ M| | ,

A y " . M
dw)” Nonlinear b ¢linl 7 Noniiear o)
crystal crystal

Figure 1.13: Frequency conversion process (a) SFG input filed converts @ (in) to ¢
(out), (b) DFG the filed ¢ (in) converts toa (out) [48]
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1.5 Literature survey

The previously proposed quantum repeater schemes which are related to
the scheme presented in this work

In the following the most important research work in QR are
reviewed:

(1) 2016 - D. Luong, L. Jiang, J. Kim, and N. Lutkenhaus. [49]
The Practical Realization of Quantum Repeaters: An Exploration

Overcoming lossy channel bounds using a single node quantum repeater.
The study proposed a scheme for performing the quantum key distribution
(QKD), which may beat schemes based on the direct transmission of

photons between parties spatially separated.
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Figure 1.14: Key rate per channel vs. distance for different benchmarks
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(2) 2017 - Christian Mastromattei [50]

Assessing the Practicality of a Simple Multi-node Quantum Repeater.
The main aim of this study is to estimate the performance of specific multi-
node quantum repeater, and compared with the performance of a single
node repeater.

The results obtained showed rate versus distance scaling and it's relation

with the number of nodes.
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Figure 1.15: Key rates as a function of distance for one and three nodes
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(3) Kadhim A.N., Hasan J.A. [51]

Analysis of a Quantum Repeater Scheme Based on Non-ldentical
Quantum Memories. The study analyze the performance of multi nod
quantum repeater with non-identical quantum memories to optimize the
rate between two distant points and increase the channel length as

compared with repeater scheme based on identical quantum memories .
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Figure 1.16: Key rate of identical QMs (dashed line) and non-identical QMs (bold line)

when number of nodes = 3.
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(4) 2017 - F. Rozpdek, et al. [14]

Parameter regimes for a single sequential quantum repeater. The study
introduces the effect of cut-off on the performance of the QR. The concept
reduces the effect of decoherence during storage of a quantum state by

introducing a maximum storage time.
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Figure 1.17: Secret key rate as a function of distance when Lo= 0.542 Km, without
dark count
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Chapter two
System Analysis

2.1 Introduction

The decoherence of the quantum state in the quantum memories is one
of the problems that faces the quantum repeater, so a quantum repeater
based on cut-off is one of the solutions to face this problem. To have the
cut-off, the probability of Bob must be equal or greater than the probability
of Alice in order to increase this probability quantum repeater with
different quantum memories is proposed.

The effect of using different QMs on the performance of the quantum
repeater is studied and its secret key rate is assessed by comparing it with
the secret key rate of the quantum repeater based on the same types of

guantum memories and direct transmission benchmark.

2.2 System Analysis

Quantum key distribution is the mature of the quantum technology in
this time so; it is used to assess the performance of the quantum repeater
[27].
The quantum repeater (QR) is a device that connects between two parties,
Alice and Bob who are spatially separated and try to share a secret key
between them. The basic idea of the quantum repeater is proposed in [49]
which is the QR sends entangled photon with QM1 to Alice for many times
until detection by BB84 measurement, then the QR sends entangled photon
with QM2 to Bob for many times until detection by BB84 measurement
when Bob detects the photon the BSM is applied. If Bob takes long time to
detect the photon, the state in QM1 will be significantly decoheread this
leads to prevent the generation of the secret key. So to avoid this, the QR
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based on the cut-off was proposed in [16]. Which is the QR sends entangle
photon with QM1 to Alice for many times until detection by BB84
measurement, then the QR sends entangle photon with QM2 to Bob for
many times until detection by BB84 measurement is applied in specific
number of trails (n*) if Bob makes BB84 measurement before n* the Bell
state measurement is applied and if not the round will abort and start over
again. This protocol reduces the decoherence of the quantum memories
with time. In order to implement this protocol the probability of Bob must
be equal or greater than the probability of Alice. In the original idea the
probabilities of Alice and Bob are equal because of use the same quantum
memories which they are Nitrogen Vacancy center, the equality of
probabilities remains if any type of quantum memory is used because the
guantum memories have the same values of parameters like the probability
of emission and coupling. To make the probability of Bob greater than the
probability of Alice, different QMs in the quantum repeater is proposed to
get best n* and maximizing the secret key rate.
Fortunately, Entanglement between non-identical atoms is presented by
two teams of researchers from University of Oxford and the other from the
National Institute of Standards and Technology and the University of
Washington [52, 53].
The team from University of Oxford [52] used two different isotopes of
calcium, while the other team used beryllium and magnesium atoms [53].
The calcium atoms could keep their states for about a minute and about a
second and a half for beryllium atoms.
Both teams stated that their two atoms are entangled with a very high
probability in order of 0.998 for the first one and 0.979 for the second. So
this project utilizes this achievement to enhance the system performance.

In this project the first QM is Nitrogen Vacancy center and the second is

trapped ion, both of them have the ability to become entangled with a
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photon. Alice and Bob are connected with the quantum repeater by optical

fiber as shown in Figure (2.1).

Quantumrepeater
Alice Bob
. QM2- trappe -
BBS4 <€ QUL . > 8884
measuremen on measurement

Figure (2.1): Schematic of the protocol. (QM1) sends entangled photons to Alice and
makes BB84 measurement when she detects the photon, then (QM2) sends entangled
photons to Bob and makes BB84 measurement when he detects the photon, then a Bell
state measurement is performed on the QMs, if Bob doesn’t detect the photon before n*

the round will abort and start over again.

2.3 The protocol

In this protocol sequential quantum repeater is considered which is
placed in the middle of the distance that separates Alice and Bob who want
to create a secret key via QKD. The QM1 is Nitrogen-vacancy center (NV
center) [54] which emits a single photon to Alice through an optical fiber
with a transitivity 6, and QM2 is a trapped ion [55]. The quantum repeater
is coupled to an optical fiber with low attenuation of 0.1419 dB/km at
wavelength of 1560nm [56] to achieve long distance, but Nitrogen-
Nacancy center emits a single photon with a wave length of 637 nm [34]
and the trapped ion emits a single photon with a wave length of 854 nm
[57] so frequency conversion is needed to enhance the distance. Each of
them had measurement apparatuses to measure the incoming photons in the
X bases or in z bases, Alice and Bob decide the basis that they want to for

measurement. It is as follows:
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1- The NV center quantum memory prepares an entangled memory-
photon state and sends one photon to Alice. The photons are
continuously sent until Alice detects a photon and apply a BB84
measurement.

2- After that the trapped ion quantum memory prepares an entangled
memory-photon state and sends the photon to Bob. If Bob doesn’t
detect the photon with a specific number of trials (cut-off n*), the

round will terminate and starts again.

3- If Bob succeeds before the cut-off, BSM is performed on the two

quantum memories.

4- The classical outcome of the BSM is communicated to Bob.

5- This procedure is repeated to achieve appropriate amount of raw key.

2.4 Number of trails management
The number of trails effects the decoherence of state. When the
number of trails is large, the state decohere so the reduce of this

number enhance the key rate.

The use of different quantum memories decreases the number of n*that is
needed to obtain the secret key rate because of the increment in the

detection probability of photon in Bob's side

2.5 Sources of errors

Errors are identified by losses and noise. The system the losses come

from the transmissivity of the optical fiber and from the lost photons before
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coupling to the optical fiber or due to the non-unit detector efficiency. The
noise is due to imperfections of the operations in the experiments as in

measurements and quantum memories.

2.5.1 Losses in optical fiber

NV center and trapped ion quantum memories generate entangled
photon with the quantum memory with emission probability
Of Demya, Dem/s- Then the photons entere the optical fiber but, only specific
amount of photons enter the optical fiber can be used for secret key
generation because they may be filtered according to frequency or a
certain time window [58, 59] they are denoted by p.,4, pc/s for coupling
NV center, trapped ion memory respectively.
In the optical fiber, the losses is an exponential decay of transmitivity

§ = el /lau (2.1)

For the optical fiber the attenuation length is L .. 64 IS denoted by the
optical fiber losses on Alice’s side and &g the optical fiber losses on Bob’s
side. Finally, the arriving photons will be captured by the detectors with
efficiency p4e- This probability of detecting a photon will be increased by
the presence of dark counts (which will also inevitably add noise to the
system), the detectors of Alice and Bob are assumed to have the same

detector efficiency and dark count.

2.5.2 Noise in the quantum repeater
The decoherence of the quantum state that is stored in quantum
memory can be modeled by a decay of the fidelity with the number of
trials n*. The reasons of decoherence in QMs are



38

1- The quantum repeater needs a time between successive photons sent.
This time is taken to confirm whether the photon got lost or not. This
model impact by an exponential decay of the fidelity with the time.

2- The QM2 needs time to generate an entangled photon-memory. This
will decohere the state in the QM1. This model affects here an

exponential decay of fidelity with the number of trials.

The quantum state, p, that is exposed with those impacts experiences a

development given by the dephasing and depolarising channels with

A= Q+e*™)/2 (2.2)

A, =e™bn (2.3)
Where 1;= Fp Which is the dephasing parameter of preparation fidelity of
memory photon entangled state and A,= is Fy, which it is depolarizing
parameter that describes the noise introduced by imperfect gates and
measurements between the different quantum memories. The two

parameters a and b are given by:

2nyiLb

a=ag+a; (nT + tprep ) (2.4)
2nyiLb

b= by +b, (“T + tyre ) (2.5)

e n,: Is the refractive index of the fiber, which is equal to 1.44 [60].

e c:isthe speed of light in vacuum = 3*10° m/sec
e Lb: is the distance from the quantum repeater to Bob

* t,rep . iSthe time that the trapped ion needs to prepare the emission

of an entangled photon =210 s [61]

e 3, and by equal to the noise that come from to a single attempt of
generating an entangled state where a; (NV) =1/2000 per attempt
[62], by (NV) =1/5000 per attempt [62];
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e a; and b; quantify the noise during storage per second where a;
(NV) =1/3 per second [63], b; (NV) =1/3 per second [63]

2.6 Secret key rate
The secret key rate (R) of equation (2.6) is used to assign the

performance of scheme

Y
R = Py (1 — h(ez) — h(ex)) (2.6)
The yield Y is the probability of Alice and Bob to detect a signal per round.

h(e) is the binary entropy function where

h(x) = —xlog,(x) — (1 — x)log,(1 — x) (2.7)
ex and ez are the quantum bit error rates (QBERS) between Alice and Bob

in the x and z bases, and the factor of 1/2 comes from the fact that the
protocol requires the use of two optical modes. The yield Y is inversely

proportional with the number of channel use which is equal to [49]

Ppsm (28)

- E[max(NA;NB)]
Pusm: the probability of the Bell state measurement, NA is denoted by the
number of the photons that need to be sent to Alice so that her detector
clicks once and NB is denoted by the number of photons that need to be
sent to Bob so that his detector clicks once. The average number of channel
uses required for both Alice and Bob's detectors to click is
E[max(NA; NB)] where E is the expected value operator. The cut-off
increases the average number of channel uses because when Bob reaches
n* trials, Alice and Bob abort the round and start over again; therefore the

expected value is [16]:
1

Pa(1-(1—Pp)™") P
E[maX(NAJNB)] ~31 y 1 ? 1 ;1 " (29)
—_t— — <n
Py Pp Pp+Pg—PpPp Py
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When i>n*is high loss regime where n* effect on the key rate while
i <n* low losses regime is considered [49] where n* doesn't affect the

secret key rate.

The analysis here depends on high loss regime to study the effect of n* on
the secret key rate when useing two different memory. The probability of
photon emitted from the NV center memory and detected by Alice can be

denoted by P"» which is equal to:

Py = Pem/A Fcy PC/ASAPdet (2.10)
And due to the dark count the probability of Alice will be:

PA,BB84- =1-(1-PHA- Pd)z (2.11)
Also, the probability that a photon emitted from the trapped ion and
detected by Bob can be denoted by P's which it is equal to:

Pg = Pem/s Fcp PC/B(SBPdet (2.12)
And due to the dark count, the probability of Bob detector to click will
be:

PB,BB84- =1-(1-P3)1- Pd)z (2.13)

Where:

e P4, P /5 probability of couplling quantum memory with fiber for
Alice and Bob side respectively =0.46for NV center [58], = 0.4 for
trapped ion [59]

e [Fcy: frequency conversion of the photon that emited from NV center
memory = 0.3[64]

e Fcg frequency conversion of the photon that is emited from trapped

ion memory = 0.5[65]
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e Oy : transmissivity of fiber that connects Alice with QR which is
equal to e~LA4/Lart

Op: transmissivity of fiber that connects Bob with QR which is equal

to e LB/Latt

e L, - the attenuation length of fiber which is = 22km [42]

® P,y 4 the probability of generating photon from NV into the
optical fiber = 0.49 [42]

e P, g the probability of generating photon from trapped ion into the
optical fiber = 0.9[66].

o P, . (detector efficiency) =0.8 the probability of photons to
produce a click in the detector [42]

e p, - isthe probability of ganerating a dark count[42]

e bsm: BSM success probability [67]

2.7 Quantum bit error rates
The secret key fraction of the BB84 protocol is considered here .The
expression for the secret key fraction depends on the error rates in the x, v

and z bases, which is denoted by e,, e, and e,.
ex = ey = eyy = 0.5 = 0.5 Fp, %, (2F,pep — 1)2 < e~(a+bn 5 (2,14)
e, = 0.5—0.5 Fy,, 005 < P > (2.15)

Where o, , o< are depolarising parameters due to the noise that is

achieved by the dark count at Alice’s or Bob’s detector respectively

P* A (1-Py)
X4 ppga= —— P, 4 (2.16)
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P*g(1-Py)
Xpppga= — 5 Py 4 (2.17)
—C (1 n* ,—cn
<en>= e 1°0Pp) e (2.18)

1-(1-Pg)™ 1-(1-Pg)e=°

Where < e™“™ > is the average of the exponential e~“" over a geometric

distribution over the first n* trials.

2.8 Bench mark

To assign the secret key rate of the quantum repeater, it is compared with
direct transmission benchmarks, because the quantum repeater is a source
of additional losses. So, the first comparison of the protocol with a scheme
based on the direct transmission of photons from Alice to Bob, is the
Takeoka-Guha-Wilde (TGW) bound which is the most standard of

comparison is. [68]

1+6
Rrgw = logz (1) (2.19)

Where = e~L/Latt

Also, the protocol is compared with the secret key rate of direct
transmission [49]. The transmissivity is equal to transmissivity of fiber,
filters and Alice’s and Bob’s emission and detection probability, so it will

become

5: dﬂ'berpem PdetPC Fc (220)



43

Chapter Three

Results and Discussion

3.1 Introduction
In this chapter, same and different quantum memories, performance
and specifications, QR scheme performance, estimation of number of trails
and their effect on key rate, and effect of QR position are calculated and
discussed. The probability of detection and dark count are assumed to be
the same for both Alice and Bob to estimate the effect of the quantum
memories the on protocol. Python 3 is used for the programming of the

calculations

3.2 Results:

Figure (3.1) shows the secret key rate of quantum repeater based on NV
center for different number of n*. When n*= 5, 50 the secret key rate
increases and the distance crosses 400Km, until n*is higher than 50 the
losses increase and the secret key rate decays rapidly. This degradation in
the secret key rate continues as long as n* increases. For different n*, It's

still difficult to across the direct transmission bench mark
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e (firect transmision
~ TGW Rate

Secret key rate (loq)
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Distance/Km

Figure 3.1: secret key rate of quantum repeater based on NV centre (probability of
dark count= 3*107).

The probability of Bob may be increased by shifting the quantum repeater
towards Bob. Figure (3.2) shows the effect of reducing the distance
between Bob and the quantum repeater to increase the probability of
detection. The secret key rate will decay rapidly when the quantum repeater
is closer to Bob than Alice more than the secret key rate of the repeater
when it is in middle of the distance that separate Alice and Bob at same
n*.the figure shows that the best secret key rate can be achieved when the

quantum repeater position is in the middle of the distance
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L,=0.75L, Lg=0.25L. ——
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Distance/km

Figure 3.2: Different positions of quantum repeater based on NV center quantum memory
when n*=50

In order to increase Bob’s probability, the quantum repeater based on NV
center-trapped ion is proposed. Figure (3.3) shows the enhancement of the
protocol and an increase the secret key rate because the Pg is greater than

P this will make efficient secret key rate but still difficult to across Rrew
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Figure 3.3: The secret key rate of quantum repeater based on NV centre -trapped ion
(probability of dark count= 3*107).

Figure (3.4.a) shows achievement of higher secret key rate of quantum
repeater based on NV center - trapped ion than a quantum repeater based
on NV center. When n*=100 the secret key rate of quantum repeater based
on NV center decays rapidly to 300Km but in (3.4.b) when n* =50 the
secret key rate of quantum repeater based on NV center decays to 400Km.
This enhancement is due to high probability of emission and coupling of

trapped ion quantum memory with the optical fiber.
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Figure 3.4: Secret key rate of quantum repeater based on NV center and NV center -

trapped ion when (a) n*=100, (b) n*=50 (probability of dark count= 3*107).
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In Figure (3.5) shows the use of trapped ion quantum memory effects on
raising the probability of Bob more than the probability of Alice

-2 1 —— Alice prob.
—— Bob prob.

probability(log)

=10 4

~12 4

50 100 150 200 20 300 350 400
distance

o

Figure 3.5: Probability of Alice and Bob in quantum repeater based on NV center -
trapped ion when n*=100 (probability of dark count= 3*107).

Figure (3.6) shows the secret key rate that can be achieved from quantum
repeater based on NV center - trapped ion. A higher key rate is obtained
compared to that obtained from quantum repeater based on NV center with
same number of n*, this is due to using different quantum memories when
the distance that separates Alice and Bob equal to (100 Km), (200 Km) as
shown in (3.6.a), (3.6.b) respectively. This means that the decrease in the
n* reduce the decoherence time in the quantum memory and therefore
getting a higher secret key rate.
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Figure 3.6: The secret key rate of quantum repeater based on NV center - trapped ion
when (a) L=100Km (b) L=200Km (probability of dark count= 3*10).
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Figure (3.7) shows the effect of quantum repeater’s position that is based
on NV center - trapped ion on the secret key rate. When the position of
quantum repeater closer to Alice than Bob, the secret key rate with blue
and red curves rapidly decreases to short distances more than the green
curve which is the quantum repeater is in middle of the distance as shown
in (3.7.a). In (3.7.b) the quantum repeater's position closer to Bob than
Alice, also the secret key rate with blue and red curves decrease to short
distance more than the other, this shows that the best position of the

quantum repeater when LA=LB.

I-A = LB —
L,=0.4L, Lg=0.6L  —

L,=0.2L, L;=0.8L.  =—

Direct transmission

=100 1

1251

=150

Secret key rate (log)

-1751

=200 1

0 50 I
Distance/Km
(a)
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Figure 3.7: (a) the positions of quantum repeater based on NV center - trapped ion
closer to Alice than Bob. (b) the positions of quantum repeater based on NV

center - trapped ion closer to Bob than Alice

The dark count is another factor that effects on the secret key rate as shown
in figure (3.8). At (3.8.a) the secret key rate reaches 500 Km when
probability of the dark count equal to 10 , but the secret key rate decrease
rapidly when probability of the dark count equal to 10° as shown in (3.8.b)

because the dark count makes additional losses.
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Figure 3.8: Secret key rate of quantum repeater based on NV center and NV center —

trapped ion at n*=100 when (a) probability of dark count = 10® (b) probability of the

dark count = 10°®
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3.3 Conclusion
From the results obtained from this research work, these points are
concluded:
1- Using different quantum memories is better than using the position
criteria of the quantum repeater to satisfy the condition (PB > PA)
2- The secret key rate of different quantum memories model is better
than that of identical model and reduce the number of trails n* .
3- The scheme shows the best position of the quantum repeater is in the

middle of the distance that separates Alice and Bob to maximize the

secret key rate with distances.

3.4 Future Work

This work can be continued in the future to cover these directions of
applications:
1- Using time bin coding in the cut-off protocol and study its effect on

the secret key rate.

2- Using other types of the quantum memories and study their effect on

the secret key rate.

3- The effect of using multi quantum repeater based on different

quantum memories with cut-off, on the secret key rate.
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